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Summary . Zusammenfassung 

The approximation of Gauss'ian-like probability densiiy 
funetions (p.dJ.) by- Gauss-Hermite series of Gram.-
Charlier aod Edgeworth type, ,or by a Cornish-Fisher 

· expansion frequently violates two oonstrairits: the 'curves 
should be' positive definite, aod unimodaJ. A new stan-

I dardization allows the choice ofthe basic Oauss .. Hennite 
system such that these diffieulties are avoided. If the p.d~( 
is given, the expansion coemcients of the approximating 

· series may be computed by a relative least-squares error 
'fit; U8ually, the two p.dJ. constraints are not viola ted. If 
the moments are known, the expansion coefficients are 

I' computed by a matrix inversion, where an iterative pro-
1'- 'cedure adjusts the standardizing parameters according to 

the two p.dJ. constraints. The method is compared to the 
· approximation by a Pearson funelion. 

1. Introduction 
Wihen simulating coherent optical receivers numeri­
c.lly, it is often the c.se that in calculating the bit error 
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Pooitl' .... finite und uilimndal. 
Gauß.H.riitite-Entwi.klung 
'00 Wabrsth.inlithkelllldicllt .. Funktion.n 

Die, Näheruq.g von gaußähnlichen Wahrscheinlichkeits-
dichte-Funktionen (p.dJ.) mit Gauß-Hermite-Reihc;m 
vom ·Gram-Charlier- und E,dgeworth-Typ' oder' durch 
eine Cornish-Fisher-Erttwicklung verletzt häufig zwei 
Nebenbedingungen: die Kurven sollten positiv-definit 
und unimodal sein. Ei_ne- neue Standardisierung vermei-
det diese Sehwierigkeit dureh eine geeignete Wahl des 
Gauß-Hermite-Entwieklungssystems. 1st die p.d.f. be-
kannt, so ,kann man die Entwicklungskoefftzienten der 
Reihe-dur.cb eine Anpassung mit <Jer Methode der klein-
sten Quadrate berechnen; für gewöhnlich werden die Ne-
benbedingungen niQht verletzt. Sind die Momente be-
kannt, darin können die Entwicklungskoeffizienten durch 
eine Matrix-Inversion 6ereehnet werden, wobei ein Itera-
tionsproi.eß die Standar4isierungsparameter so anpaßt, 
daß die Nebenbedingungen erfüllt werden. Das Verfahren 
wird mit der Nähetung dureh_ eine Pearson-Funktion 
verglichen. 

prob.bility BER = J Px(x) dx either the prob.bility 
density funetion (p.d.f.) pAx) of the reteived signal xis 
known as a numerical table, or the moments of the 
signal may be estimated. In botb cases it is useful to 
reconstruct an .nalytical formula for the p.d.f. with 
the constraints that it must be non.:.negative and with 
only one maximum. i.e .• positive definite and unimo· 
da!. 
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In the past 40 years there have been numerous at­
tempts to approximate p.dJ.'s in terms of the moments 
ofthe process. Special attention was paid to Gaussian­
like p.dJ., which where either represented by Gauss­
Hermite series of the Gram-Chadier and Edgeworth 
type, or, for the Cornish-Fisher expansion, by approx­
imating the standardized argument z with normal dis­
tribution function P,,(z) by a Hermite series of thc 
non-normally distributed argument x of the actual 
distribution Px (x). As a reference, see, for example, 
[1, Seetions 17.6-17.7], [2], [3, Seetions 26.2.47-
26.2.48, 26.9 example 6], [4]. Closely related to the 
Gram-Charlier and Edgeworth expansions is the sad­
diepoint approximation [5], which in effect differs in 
thc standardization of the random variable. 

For all of these approximations the fundamental 
(Gauss-)Hermite function system was uniquely de­
fined by the very moments of the process, so it hap­
pened not infrequently that the two basic constraints 
of a p.dJ. were violated. As no degree of freedom was 
left, one had to take or to leave whatever the method 
presented for the chosen expansion type and the given 
process. Especially for long-tailed p.dJ., or for thc cal­
culalion of very low error probabilities, well;behaved 
representations of p.dJ. are requested. 

The importance of the problem has been reeognized 
long since in connection with the expansions of Gram­
Charlier and Edgeworth. An early remark is found in 
[6]. First in [7], later on in [8], [9] moment regions were 
calculated (for the first four moments only) in which 
the constraints above were violate,d-;3,also, there arc 
notes in [10], [IIJ. 

A different approach is .to IIPprQx,imate. a p.d.f. by 
the family of the p.dJ.'s ass.oeiated with the Pearson 
distributions [12, ,Seetion 6]. e.g., Ihe beta-de)1s;ty 
function. The parameters of these p.dJ. may be caleu­
lated from the moments. For a specified region of 
moments the functions are positive definite and u~i­
modal. Tbe. relations are published for a set of four 
moments. 

No further attempts to taclde the problem are 
known to the author. The reason for this deficiency 
might be that the statistics community lacked interest 
in esoteric Gaussian-like p,dJ. tail regions where for 
optical coherent receivers [13] symbol transmis~ion 
error probabilities as low as 10- 9 are to be calculated. 

The present paper discusses a Gauss-Hennite ap­
proximation, and proposes a different standardization 
of the random variable with two or tliree process­
independent parameters, whieh may be varied in an 
iterative manner to. find a positive definite and. unimo­
dal representation out of the infinite manifold of den­
sity functions with a given finite number of identicaJ 
moments. 

For analyticallyor numerically given p.dJ. a rela­
tive least-squares tit (r.1.sJ.) is applied to compute the 
expansion coefficients of a Gauss .. Hermite series, a 
method whieh allows a simple weighting of thc avail­
able data, and needs not the problematie direct calcu­
lation of moments [10], [11]. If the moments of the 
process can be estimated, a method is proposed to 
reconstruct the p.dJ. of the process as a Gauss-Her-
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mite series by a simple matrix inversion. The teeh­
niques deseribed are demonstrated for non-Gaussian 
p.dJ. and compared to existing methods. 

2. Relative Least-Squares Error Fit 

A statistical process with p.dJ. Px(x) has an outcome 
which is described by the random variable x. If /l', and 
" are mean and standard deviation of the process, the 
corresponding standardized random variable X' is 
usually detined by 

X' = (x - /l',)!" . (1) 

Here, a different standardization is chosen as was al­
ready done in characterizing single-mode optical 
waveguides [14], [15], where the (not yet determined) 
parameters Xo and 1. resemble J.l1 and (J - 1, respec­
tively, 

x = X(x-xo). (2) 

Con~equently~ .~serieB e~pansion Qf P.(x) in .terms of 
theGauss-Herrnite function system R, with the 

: paramefers:::>:o,:'X., and the Hermitc functions H, [3], 
may be writien as 

Px(xJ"" L c,R,_,(X) f L c,R,_dX)dx, 
N ;+00 N 

"=1 -oo,,"'! (3) 

R.(X)= exp( -X'!2) H,(X). 

Aside from the new standardization, eq. (3) may 
equally weil represent the Gnim-Charlier. Edgeworth, 
or saddlepoint expansion, if th.e coemcients c, are 
computed propedy. It is .interesting to note that the 
strueture of the corresponding characteristic function 
C.<e) with the standardized ~ariable B is invariant 
with respect to a Fourier transformation; 

+00 
C.@=exp(-i21tex}- f p.(xjexp.(-i21te x)dx 

-00 

If the p.dJ. P.(x) is given analytically or numerically, 
the basic parameters X o and X may be found either by 
computing the first ordinary and the second central 
moment, or, as jt is done here, by least-squares fitting 
a Gaussian Ro(X) to the values P.(x) with x = x" 
X = X, inside a red uced range K I ,;, k ,;, K, of the 
main tobe, 

" L [P.(x.) -AoRo(X.J]' = min, 
k"'K. (5) 

In {Ao Ro [X (x, -xo)J} =AI + A, x. + A, xi . 

With the abbreviations B, A for column vectors with 
the.elements B/I A,>o. and S for Hermitian matrices 
with the matrix elements S", one has to solve the 
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Fig. 1. Compadson b~tw~e~:,varlpus approximations for the non .. Ga\lssian. p,d.C eq. (13). The fitting rapge is -l:S;;;x:s;;; 1.5. 
(a) Maximum order of moments is m= 3. 
(b) Maximum order ofmoments is m=9; for r.1.8J. the r.r.m.s. errOr is 20%. 

system of equ,ationa ror. A, 

B';"SA, A =SCI B , 
X, 

B, = :E xl- J lnp.(x,), 
k=K j 

li, 
Sjj = L X~+i-.2 ~ S'I' 

It=K j 

For the parameters Ao, X o and X one finds 

Ao :" exp[A J -Al!(4A,)]. 

X o = -A,!(2A,), X =,( _.lA,)'/2. 

(6) 

(7) 

Tbe expansion coemcients for p,,(x) in' the chosen 
function system are oomputed by,minimizing the sum 
of tbe squared relative errors for all values p.(x) witb 
x=x., X=X.,l~k';;K, 

f w.'[p.(x.)-:f C,R'~I(X.)J' =min, 
"cl n"'1' 

W. = I/p,(~.) .(8) 

For the eoefficient vector C with the elements CI/ orte 
has to solve the system of equations 

B=SC, C=S-JB, 
K 

B, =:E w.' Px(x.) R,_,[X(x.-xo)], (9) 
11:=1 

K 

S" =:E w.2 R, - 1 [X (x. "-Xo)] R'_l [X (x.-xo)] =S", 
• -J 

The normlllizlIti0'l integral in eq. (3) modifies in elfeci 
the c, eomputed from eq.' (9)by a cOostant 'factO!, 
w hieb usually deviiltes o~ly by snllin amounts from 
one. 

The moments Jl~ of otäet m, aboiJ t the origin are 
+ro N 

Jl~ (x o, X) = f' xm p,(X) dx ':' ~d ... (XO' X) c" (10) 
~oo ' 1/=1 

-ro 

The jntegration variable u is chllsen to facilitate the 
application of tbeHermite integration ,technique, a 
numerieallyvery, fastformulao{ Oau,ssian type [3, 
Section 25, Formula 25.4,46,.J'able 25;10],1or u, and W" 

+ro 

f exp( -u2)I(u) du = (12) 
-ro 

{ 
f w'[J(u,) + J( -tli)] Ieven i 

= W,1(u,'", 0) +'I w, [[ru') + J( -U,)] I odd. 

The .r.sult is exact, u( .. it is Ibe ~ase here) [ru) is a 
polynOInial oLmaximum ,degree ~_l+,m" and jf 
I = [rn -I + m)/2] + 1 is ,~alid Hz] stjln4s [orlhe in­
teger part of z). ..' ' . ',' . ' 

The advantages.of t)le proposed ds.f. inethod over 
the Gram-Charlier, Edgl'wQrth. andCQrnish-Fisher 
expansions will be demonstrated for the p.d,f. 

I 
p,(x) = (2,,0,52)J/2'. [2 1 

, exp [_x2 /(2 "0.52
)] '1+ ;;arctan(5x)J (13) 

Fig.1 shows this function witli'daS,heä lines. Fi'g.la 
displays as a heavy line Ihe r.l.s,f. approximatlon wilh 
N= lcoemcients in eq. (3), j.e., for moments uptoa 
maximum. order m = 3. The 'equivalent' cDryes for the 
approx,imations Gram~Charlier, Edgeworth, and Cor­
riish'Fisher art taken (roin [16],[17] (bo!hfo~ Fig.!a 
and Fig, 1 b), and are for m= 3 not to be dJsctiininated 
from the r.1.sJ. graph. As to be expected from the tow 
number o!expansion terms, the quality "rthe approx­
imations is poor. 

The various expansions differ mueh more, iC nine­
term serfes N =:= 9 with m'om'ents up to· the maximum 
order m = 9 are eValuated, Fjg. 1 b. For the r.l.sJ eurve 
the relativ.root mean, square (r.r.m.s.), error for the 
fitting range -I ~ x ~ 1.5 in eomparison 10 the ideal 
Qurve eq. (13) amounts to 20%; the.deviation is hardly 
to be seen left of the peak, Th.lhree other expansions 
exbibit1arg. eflors, 'especially negative p.dJ. ranges. 
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Fig. 2. Non-Oau •• ian p.q.f. eq. (Hilpr.N = 10 (r.r.m.s.error 
4\ %, see fig.lb)aod N·"2~(t!i.ni.':.rrodO%)""eflicient., ' 
The fitting range is -4.6::S;; x::S;; 5.62. 

These irregularities increase with. increasing maxi­
mUrrt· order bf them<'>ments, as 'opposed to the r.Ls.c . 

. technique. This is partly du~ (Ö i the fact that in per· 
forming the' tnomenl'integrar'eqi(W)' acsumof Gaus· 
sian·like.decaylng termshao tobe e"a1uated, and·that, 
therefore, computers with finite accuracy evaluate the 
tail contributions erroneously [14), .I>ut parUy the 
cause for this behaviour lies also in the fixed Gauss­
Hennitefunction. syst~m, wbiclr is defined by the )no-
ments tbemselves. . , 
. The r.lsJ. method guarantees that the p.d.f. tails'are 
as mach' taken inibaecdiitit ilsthd &'ntnil'part's:, No 
time-consutning and error-prone' numerical intdgrl\­
tion isrllquired, only t'be solutioll ofa.aystem'ofequ"L 
tions ivhere fäst and aectirate siandard algoi'i!hms.äre 
availilbIe. Thetefore; 'il I;· unltkely (hut nol impossi­
ble!) that negative p.dJ. regions occur. Asaß' example; 
Fig. 2 shows the idealJ~q:(a3» and Ihe d;s.f. CÜr'ves 
fM N "i'tO'(as inFl'g. 'I b)'arid'JI/ =22coefficients iri' a 
semilogatllhri'lii::disPbtY;' wh~e:1 P.(x) I;measured' in 
dB (decibel), is given by 10Ig(lp.(x)l). The approxi­
mations are positive definite and Ul1ilnocjal aIl over the 
real x-axis. The r.r.m.S. errors 41'% imd 50% are larger 
than in.l'ig",J:b: hoc.usi! of the larger . fitting range 
- 4.6"; x"; 5.62. For the' curve N = 22 of Fig. 2 no 

si~.ifi.1Cal1t.<Wv . .1.· .• a1i9 .. nfr.o!" t.h.e. id.eal ISo .\o.b. e. '~. een, b. U\ 
itbec,op1~s 1,\,w!,~ .p,y 45 dB 01' \)Ie lefthand side p,f.the 
fitting ~alll!~, I!t"'. =',.., 4.6; 'rhere the i4ea! .yal1!e woul~ 
4.vebeell.~!l9ut"' 2QP dB.,ori Ihe rigb,1 1;\an<!.siQ,<; fo~ 
x = 5.6~ thr \eyel. (i<!eally ,about ~ 2701\1J l)~~,?e~ 
lowe~ bY.only,~~ dl\. ÖpY10us)y,thepu1l1her o( ~f1l.­
cients shouldbe'increased for suph.,\lel1l!\Jldin8 (e-
quireißents, . , ..' . . . . 
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modal. On tbe left and right hand side of the fitting 
range the curve is lower bJl.abduv.:0S;da and 21 dB, 
respectively, as ~p~,,!d,to "",.p4) ... 

" , ,!:.~ >, \ 

3, Iteration ProceduretQ'Satisfy' 
p.d.r. Constraints·· 

If with x.;·:Xil cettain:{Onolionlsysteln is ohosen, the 
elements dm .. ~\h( 1;1), .\>f a \Dattix D are det~rmined 
it)~ependent\y öfthe elements'II~, eq. (10), whlch con­
stitute themoment vector M'. Consequently, it makes 
sense,to wrile. eq.Jl0) in mfltrix (orm, 
I:'j,"'- )f,., "He, : (j ,; i ; ", ',i ' .,:' ,':" 

";,": ~ '.' ;: ';,; i<;,-M/!'~~iJ~c~,' .;(J ,%j,J)- ):M~ , (15) 
.:'- h l.; ". i'H,;' ":.' ,": "'. , , " . . 
so'th~t the elemenlsc;'of the~Coeili<:ient vector ein the 
p:dJ. expansioneq. (1) are to'heeomputed by a simple 
matrix i!1vers\oJ1 (l?m~stbesquare for tha.t purpose, 
i.e., themaxin)ulllliumber ofmom~nts must equal the 
number N of'coellicients).. . 
.. 'In the conventiohal' ·caSe of the Gram-Charlier 
o,r Ed,e~otll! ... seri~~,:. w.h~r~:"'~'C'.!I~' X =)/(J ~ 
(Jl~ - 11', )-"~ are. ,Y1!\i4 I;>y, 'ilef\qitipl), 9" 9<lmpl~tely 
fixed by M', and if the resulting p.dJ. eq. (1) denved 
from, say, the fir~ ten"möihents"is'l)otlpositive definite 
by chance (whicb is very unlikely for an infinite range 
ofthe raridom va~iable ,c),llre expansion is,physically 
meaningless. 

Wilb!lhe pre~e'1t m~qp4, th~.~ystem'Parameters xo 
and X may beadJustehtarting fron1 ther initial values 

abQ .. V.,.~. ,.,~O .... IIJ! ,."t ,\11~ l'rM ... ; "'. ~\l .. N .. ~)theoo ... 1).~\ra,int .. s . .If., fo.r .. ·. a. 
gjveit .Mi W~:F'Y'l!0hM'~~J.\,vI!4, :~h~,AU\Dber of rele-. 

An esp.,cialjyCJ;jtlcal exalllple.of a löng-tailed~ishi­
bution i;, (14) 

V'l1!\: '1lpm~t\I~. (1IP,<I,Fq~mPl~l!ts Ö ,!1'ar be, re<iuced hy 
, one, and the procedure re'peated. .," 

P. (x) = 4 : 1
0
.
5 

exp[ -lxl/(2 . (loS») [1 + ~ i!rc~(S xn, 
dilfering· from eq,(13) byits slow·.expenentiahlecI>Y 
.and itsshlU1p.edge at x =0. Fig. 3 giVlOS thecaPl'r.o>dma' 
tion.for N =48'<lOefficlents. Tbe r.r.m.s"er«ol'is 31%;n 
a ,fitting range: of .,. 9.58,"; x ,.; 10.74. As ;:n Fig.land 
Fig. 2, the approximation is positive doünite,.andi uhi, 

.l'o~aroustil)g\\\e.R!lT.alll~\ersxo'lll<l,X'!I1I\1bj~live 
function g (x., X) is 10 he minilnized. Most ,mportant, 
lhel'0sitive-d~fini\~ness of Jl.(~1 hflS \0 pe te~ted.This 
maybedoneerli~iently by cönipliting the real :zefosof 
Ihe (for N,;; 10 explicitly programmed) polynomial 
S= 'E:'l C,H.~'lJX) in eq. ()). Th.,ranses 4' ••• fer. a 
negativ.e p.d.f. are checked, and g is defined as the 
maximum of the \lomjnanUxponential,for the region 
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Fig. 4, Filter input p,dJ, !p,(Y)l; filter output p,d.l."!P.(x)l: 
Gaussian, initial and final (--), intennedillte'(sth iteration). 

X.,.' first line of eq, (16~ 

{ 

max [exp( -X~,./21J/E::::0 . . 
fJ == if ranges X noa exist, 

-(N -Z)E;S;O if no ranges X ... exist. 

(16) 

E i8 a nonnalization faetor, e.g" E = 10-', as an esti· 
mate of thc wanted probability to be compuled from 
1'.(4 Ir after a proper variation of Xo and X no ranges 
X." exisl any more. pAx) is positive definite, When 
this is Ime, Ibo objeelive fUl)ction is switehed to a 
durerent definition, second Une,of eq. (16), fot improv, 
log the smoothness of P.(x) by eheeldng the derivative 
S' of S, Z is the number oierea! zeros (I ;S; Z;S; N) of the 
(for N;S; 10 explicltly programmed) derivative S'; this 
secondary objective functiong counts Z, yielding a 
measure of the undulation in p.(;x). A standard sim· 
plex procedure, see, e.g., [18, Seetion 2.2]. may seareh 
for a mini.mum g while varying the set xO , X. For each 
set tbe cortesponding D, and, by matrix inversion, the 
elements cf C are computed to determine the polyno-
mial. S, S', ' 

Fig. 4 shows some numerically reconstructed p.dl, 
in a serni·logarithmic display. The distorted Gaussian· 
like p.dl. p.(y) eq. (13) of tbe new random variable y 
is represented by aseries eq. (1); the c. werc .cound 
by the r.1sJ. lechnique described above, (xo=0.31, 
X = 2.6). Tbe random variable y be statistically inde­
pendent, nod its moments transformed by a digital 
transversal lowpass filter of second order with 100 
coefficients and a ratio 'corner frequency to reciprocal 
sampling inteeva!' of 0.1, Tbe initial p.dl. I'.(x) at the 
filter output, reconstructed from the inversion eq. (15) 
with xo=I',. X=f1-' (p" f1 being the first twomo· 
ments al Ihc filter output~ is designated by (5=0: 
xo=0.31, X=4.6); the p.dJ. delined by only the first 
two moments SI!:!#O iB. named 'Gaussian', xo; X and 
therefore D and C for ,the fixed moments at tbo fIlter 
output are iterated from the initial stato 5=0 through 
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a very bad intennediatc state (5= 16: Xo =0.14, X = 5.7) 
to the final, smooth state (s=21: xo=0.22, X=5.2). 
Bach kink in the eurves 8=0, 8=16 indicates a sign 
change of the p.dl. It is remarkable that the coarse 
structure of tbo p.d.f. remain. unehanged, while their 
details vary strongly wlth ~mall changes in "0' X. Thc 
computing time for tbo iteration using FORTRAN 77 
and a Pe/AT DOS 3,30 machine with a coprocessor 
dock frequeney of 12 MHz was only 4Ö s. 

4. Double·Gauss-Hermite Function 
System 

So far, tbe basic function system has a Gaussian deeay 
faetor which Is Identical for both the + X and the - X 
directions in eq . .(3), As a eonsequencc, only asymptot. 
ieally symmetrie p.dJ. will be approximated with low 
errors. Ir Ihis symmetry is strongly disturbed as for 
phase noise [19], [20, Seelion 3,3.4] X=C08Z with a 
Gaussian density of Z, tbe .onvergence properties of 
the iteration proeedure bacome worse. 

Therefore. R.(X) eq. (3) was generali:zed using dif· 
ferent Gaussian functjons for different signs of X, 
narnely -

X,=X,(x-,x.l, X, = X2(X- XO) , 

R (X) = {R,(X ,) for x;,: Xo • (17) 
» R,(X,j for x;S;xo 

Now. the basic function system is characterized by 
the threo parameters "0' X,, and Xl' As beforo, 
the integrals in eq. (11) (this time of the type 
f(f um exp( -w) du) may be solved analytically, so dm, 
can be calculated efficiently by.summing up preoom. 
puted factors which are weightedby powers of xo, Xl' 
and X2' As a eonsequence, the computational effort 
does not increase compared with the single·Gau .... 
Hermite expansion. 

The techniques described above were tested with 
output data" from the simulation of an optical DPSK 
heterodyne receiver with dominant phase noise 
(DPSK: differential phase shift keying);For comput· 
ing the BER the p.d.f. P.(x) of the time sequence 
x == Xl' Xl' .'o " Xt of Qutput dat(1,in front of the deci­
sion eircuit has to bo reconstructed from an estimate 
of the associated moments. Detailsof tbe simulation 
and of this estimation process areof no importance for 

. thepresent discussion.For a rough estimate, the p,d.f, 
was reconstructed direetly by computing die span of 
the sorted sequence "/., < Xi for a fixed subscript in· 
terval i •.. i +J, i.e., p,(1/2) (x'+J + "iJ]- J/(x/+J- x,) 
(assuming that the probability of identieal values Xi in 
the subscript interval J is negligible). This technique 
[21, SeeIIon 13.3] is Car superior to the usual method, 
where the frequency of data for a fixed mteeval of" i. 
counted. Nex!, the Pearson method for a beta-p,dl. 
using four (and only four) moments was employed 
with P.(x) = (I + xla.,.)' (1- xla,)'; the parameters a" 
a" p artd q are uniquely determined by the moments 
of tbe process, Finally, the Gauss·Hermite and tbc 
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Fig. 5, Reconstruction of a p.dJ. from phase noise sampie 
data: direct method. Pearson {beta.-p.dJ.. 4 moments), GauS8~ 
Hermite (5 moments), .double..Qauss~Hermite (9 moments). 

Fig..6, Reconstruction of a p,dJ. from Gaus~Jian'noise sam­
pIe data: Pearson (beta-p,d.f' j 4 mOlTUmts)f doub(e~Gauss­
Hermite (9 moments), 

double-Gau.s-Hermite. approximations were calcu­
Iated; the maximum uselnl number of moments, to 
reaeh eonvergence in the sense of the minimizing erite­
ria eq. (16) for varying "0' X and "0' XI> X. was 
N =m=5 and N =rn=9. 111. result. are shown in 
Fig. 5. Obviously, the douDle-Gauss-Hermite tech­
nique is closest (in mode and .urve details) tothe 
direct reconstruction; As is tobe expected, the simple 
Gauss-Hermite sories teaets 'unwilüng!y' in approxi­
mating an asymptotically asymmetrie p.d.f. 111e linear 
display of Fig. 5 is not very informative iflow BER are 
to be estimated. 

In a different simulation run only additive Gaussian 
noise was assumed to disturb the DPSK receiver. 111e 
model parameters wer. chosen such that a simple the­
ory [22] yielded BER = r'!.", Px(x)dx '" 10-'. 111e 
semi-Iogarithmic display Fig. 6 compares the p.d.f:s 
from the Pearson andthe double-Gauss-Hermile Te­

construction; both curves reproduce per dejlnitlonem 
identical moments up to tbe order four. A strong 
discrepancy is to be seen. First. the Iimited defini­
tion range of the Pearson funation with a, ~ x ~ a., 
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a, = - 0.05, a. = 3.1 shows up for the lower bound­
ary. Secondiy, the Pearson I\Inetion is asymplotically 
strongly asymmetrie in co!'trast to the physical situa­
tion. The evaluation <1\ thc BER integral for the dou­
ble-Gauss-Hermite eurVe yields BER '" 0.9 . 10-' in 
elose agreement with the theoretical value. However, 
for x ~ 0 the order oi magnitude 01 the Pearson 
funetion is seen to be smaner by a factor of 1000, 
and extended over a narro:wer range, so with 
BER",4 .\0-11 the errorprobability is grossly un­
derestimated. 

5. Further Improvements . 

In reconstructing a p.d.t from moments it Was as­
sumed thatthe true moment, were known. However, 
usually the moments are only estimated Irom a data 
sampie, and are therefore inac<:urate. If moment error 
bouods can becomputed, the iteration proce" mini­
mizing Ihe objective function eq. (16) can be improved 
by varying not only the parameters 01 the function 
system, but also the moments themselves inside. their 
error bouods. This should add enough degrees of free­
dom to fulfill tbo p.d.f. constraints. Work is in progress 
to develop error bounds forvarious moment cstima­
tion techniques, and to add the moment variation to 
the iteration algorithm. 

6. Conclusion 

Probabllity density funetions may be expanded in 
Gauss'Hermite serie. by a relative least'squares error 
fit, thlireby avoiding the problems of negative regions 
and non-unimodality usually associated with the stan­
dard series expansions derived from ·moments. 111e 
moments ofa statistically independenlrandoln vari­
able may' be eßiciently cqmputed, then, and trans­
formedl>l' linear 'flUers in explicit form. ' 

1'0 reconsttuet a p.d.f. frotn given moments the pro­
posed iteration !ilgorithm is weIl smted. Its main nu­
Inerical advan1ages lOre 'IM formulation for a last nu­
medcal integration, tbe determination of the expan­
sion coeßicients by matrix inversion, ,>lnd tho direct 
,_reh for zeros of the basic polynomials. 
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