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Fourier Transform by Propagation — Solution of Wave Equation

Homogeneous medium, monochromatic fields, real kz (ky = 0), su-
perimposing all homogeneous and evanescent plane waves, Dirich-
let boundary condition ¥(z,z = 0) in plane z = O:

W0 = [ w0 et dr, w(,0) = [ Fo(e) eI a

Spatial Fourier transform ¥y (¢), spatial frequency ¢ in direction of
z-axis. ¥p(¢) defined by BC ¥(z,0) — components E, H.

Farfield “performs” a Fourier transform on a circle d (here: n = 1):

U(z,z) =ela e Ikod %ﬁ @U(%), cosy = z/d

d= /a2 + 22, d\ > x4y, d/\> 0.14/cos? vy

Field in planes z = const required — weird phase factors in lﬁg(- ),
Fresnel transform needed (implies a paraxial approximation).

Freude, W.: 'Analyse von Lichtwellenleitern aus dem Nah- und Fernfeld (Analysis of light waveguides from nearfield and farfield data)'. Habilitations-
schrift, Karlsruhe, 04.06.1986. Eq. (F3-14) — The full text is available: http://www2.ihq.uni-karlsruhe.de/main/staff/freude/habiI86—freude.p%
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2
dl Fourier Transform by Propagation — Thin Lens exp( . )

AF
Lens “performs” spatial Fourier transform (focal length F'):
o—Jko(L+F) . 22(1—-L/F) -
v(z, L+ F)=¢ela e T XF
( ) \/E O(AL)

Spatial Fourier transform:
- + o0 , ‘
Do (£) :/ w(z,0)eTi2mEr 4y
— 0
In back focal plane (z = L + F)
a photo-sensitive film records the
spatial power spectrum:

o 1 .- 5 0 L L+'F;
“p(I,L + F)‘ =17 ‘@g(ﬁ)‘ only scaling depends on L!

Fields in front and back focal plane of lens (L = F) related by a
spatial Fourier transform:

e~ 12koF _
w(z,2F) =eld

v 7olir)
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Gaussian Beam — Amplitude and Phase Surfaces

-w(z)

2D scalar wave equation, ansatz ¥(t,7) = ¥(z, z) exp[j(wt — kz)]:

0, paraxial
82 9% o, 52 B,
—j 2k —)@f xr.z) = 0, paraxial approximation — <« 2k —
(8532_'_32:2 / 0z (,2) » P PP 022 0z
Lowest-order solution of paraxial wave equation is Gaussian beam:

:1'?2 1 IQ -1 2(”'—3 )
B 1, _ 1 2—20
U(z,z) = Wn(z)e w*(0)e V 2k RGzz0) @~ i k(2—20) @I 3 ArCtan ( b )

U5 (2) = ﬁ/(wO\/;T) : [wo/w(z,zo)]
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Dispersion in a Linear Waveguide with Transfer Function A, (f)
Complex field envelope A(t,z), frequency offset Af = f — fo:

+00
a(t, 2) = A(t, z) e ot =702) = / a(f)h=(f) 2Tt df, Ra(f)=e I3

+o0 w31 (J-) (2) (J-) (3) .
A(t,z):/ a(fyed (A POHE DL O bz au g a gy

—0C
H\" 3
Derivatives: (—j E) A(t,z) o—e (AW)"A(f, 2) .
E

0 - (_LL,)”
a A(t,E)D_.—J |:ZJHE]_

(Af) — (8/8¢), retard. time ¢/ =t —3(1)z, A"(t" z)—A(t" 5(133,3):

o e,
— At 2)=—]j| ) 3 (—j A"(t’. 2)
Oz n>2 pl ot “
Bahaa, E. A.; Mansour, I.: Transmission of pulse sequences through monomode fibers. Appl. Optics 21 (1982), 4219-4222
Freude, W.: MeRverfahren der optischen Nachrichtentechnik: Lichtwellenleiter. Vorlesungsmanuskript 1983-1989. Anhang F, Seite F46
— The full text is available: http://www2.ihg.uni-karlsruhe.de/main/staff/freude/mont_1983-89.pdf
M. Nakazawa, T. Hirooka, F. Futami, S. Watanabe: Ideal distortion-free transmission using optical Fourier transformation and Fourier transform-limited
optical pulses. IEEE Photon. Technol. Lett. 16 (2004) 1059-1061
T. Hirooka, M. Nakazawa: Optical adaptive equalization of high-speed signals using time-domain optical Fourier transformation. J. Lightw. Technol. 24
(2006) 2530-2540
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Dispersion in a Linear Lossless Waveguide cl

Field propagation equation in lossless but dispersive waveguide:

o 1 d\"
—_— _— i SR | (”') _ ] — :|
A(t, z) ] ”%_}1 — 3 ( j df> A(t, z)

0z
Fourier transform solution:

2 - o (d“;)” | (n.) e
A2 = JLEI - }A(f, 2),
A(f, =) = A(f,0) exp {—j Pl 3(”>]z}
n=1 -

Power spectrum |A(f, z)|? remains unchanged. Why? Widening of
impulse (narrows the power spectrum) counteracted and exactly

balanced by chirp (widens the power spectrum).
It is the chirp which considerably distorts the impulse shape in the

time domain.
Dispersion compensation means getting rid of this chirp. *
10
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Gaussian Impulse — Evolution in Time and Space
Field propagation equation in dispersive WG with 8(”33) — 0:
gA’(t’:z):—J{ 5 ﬁ(”)( J—) |, =158
z

A"(t“r z)
Ot'2 1A
nso N ot

ot

02 2 8 |
(t’2+Jﬁ(2) S)AW. =0  for D" =0, .52 %0

2D scalar wave equation, ansatz ¥(¢,7) = ¥(z, z) explj(wt — kpz)):

(8—2 —Jj 2k a)![f(:c z) = 0, paraxial approximation o° < 2k 9
6$2 . 083 & B ,Hr p— 3(1) 832 Oaz
x=t={f— 5"z
A
+4 20.2
_ p
aeqlz,29) = —
ealz. z0) B R(z, z0)

_ . T,
w(z) + > = ﬂ_ﬁ?iﬂ
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Gaussian Impulse — Chirp, Dispersion, and Group Delay
Intuitive understanding of impulse propagation in dispersive wave-
guide, no source noise, initial o > O:

2 2 P32 2
A(t,0) = Ag(t) = Age t/(40p) g—iat?/(40p) 4t , =0

"

exp [j (—la- t) t]

w(t)]

@ I—/Lup - ’ @ ‘ A—>

Intensity modulated monochromatic light source with chirp. (a) relative variance of received impulse
as a function of the repeater length L normalized to the optimum value Lqp. Chirp factors a = 1,2; (o) chirp-free
source (a = 0, Lop = Lop max) (b) length-related group delay as a function of A in a ,waveguide® mode (material
dispersion for undoped quartz glass, Fig. 2.6)
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<

Chirp acquired during propagation (| --

Approach to Adaptive Dispersion Compensation

i(t) ~ |B(t, L+ F)|? ~ |A(t/s,L)|? ~ |A(t,0)|?

ﬁ(n)

"l

A(f,z) = fi(f-,o)exp{_j [ Z (Aw)™

n:_.;l Tl.

A

Usually: DCF with hpcp(f) =exp [ J[ > (ﬂ"'”) ﬁ(”) _ID(-FI
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If we could generate a time signal B(t,L + F) ~ A(t/s, L) (scaling
factor s, unit s/Hz), and if we chose a self-reciprocal function such

that A(f,z) ~ A(sf,z), i.e., A(t/s,z) ~ A(t, z) holds, then the input
Impulse could be ideally recovered by a square-law detector:

- |2 makes distortion vanish):

| L, ar FPocrltocry
Gaussian is self-reciprocal (also when multiplied with a polynomial):
G(t.Eo) = e (D@D G(1 7 0) = e 7°w?/2 o= JeT
2mo? 1
G(t,0,0) = —G(t/s,0,0), s = 2mo?
(t,0,0) = —=G(¢/,0,0),



: : : . at?
Fourier Transform by Chirp — Time Lens exp (— P)
_ p
Transfer function hp(f) of time lens waveguide (ideal “imaging”):

_ 1.0 (1) (Aw)? (2
() = e_J(;g( ) 4+ Aw k( )_|_£_2Lk( N F
Impulse response hp(t) of time lens waveguide (th, =t — k(1) F):

~+o00 9
hF(t) — ej(wgt—k(D)F) / E_J(Jw ﬂ(l)+—(ﬁg) k(z))FeJ Awt d(.ﬂf)

— 00
t2  +oo

/ 2
- il JIED2 Aw— ——F N
— ollwot—kOF) J5toE / e J< B2 A w/guc_(zup) d(QAwQ
iy
— o0

Fresnel integral: ffgexp(:lzj Ku?)du = \/%exp(:lzj z) for K >0

- r o iCwot—k(©) t'2
Impulse response: hp(t) = e~ isign(k()G ellot=F 1) exp (j g )
V2@ F 2k(2D)F
Simplification for transport (3("<1)) and lens waveguides (k("=1)):
k(0 = 3(0) k(1) = (1)
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_ . . at?
Fourier Transform by Chirp — Time Lens exp (—J %)

p
Complex field envelope A(t, L) has spectrum:
_ - _ Aw)™"
A(f,L) = A(f,0) exp —J{ s (49 6(”)}1»
n>1 T
Generating a chirp with a phase modulator at z = L:
ca(t— 1) L)2
B(t,L) = A(t, L) exp (J&( g L) ) ;
40’% tf';
_ician(@NT eilwot—B8O)F) _(:t — ,6(1)15)2
Impulse resp.: hp(t)= e 1Sign(k*)7 e ex ( )
P -+ b (t) Vor|k@ | Uk @F
Complex field envelope B(t, L+F') after lens waveguide at z = L+F':
+0oo
T 0 .
b(t,L + F) = B(t, L + F) ellwot=B8O(L+F)] _ f b(r, L) hp(t — 7) dr
— 0
_‘M _(5_8{1)1:')2
_ —jESigﬂ(k(Q)) e ’ 2k(2) J '_(2) T t-ﬁ(l)f«‘
B(t, L+ F)=e "4 \/2W|k(?)|j? e A(QWk(?}F’L)
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o . . . - at?
Adaptive Dispersion Compensation — Time Lens EXD(—J j—g)

Op

Complex field envelope at power detector:

_-Ljﬁ(l)ﬁlz _g(1) 2
sign(k(m) e ! 2k(2) J’“’ g F) -(t—ﬁ{l)F L\

— o )7 2D r
B, L+ F)=e"3 V2 k®D|F I A )
Detector current at z = L + F proportional to power spectrum:
Y 2 __ 1 (t—B3VF 2
i(6) = Bt L+ ) = 5 gty | A (S r L))
Gaussian input impulse at z = O:
t2
a2 . 202
A(t,0) =/po e *b,  A(f,0) = /4ro2pg e T*

Detector current for 202 = |k(2)|F = ak(PF — o = sign(k(?)):
=80 (L+F))2
i(t)=1/poe 7 because |A(f,L)|? = |A(f,0)[2

This is true irrespective of h;(f), i.e., for any order and time
dependency of dispersion, and even for PMD and timing jitter!
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Experimental Setup 160 Gbit/s

B(t, L+ F)|

H

J

Clock Extraction
Circuit i/ N /

~ _ (0) (1) (Aw)? ; (2) —
A(f, L) hp(f) = e JEHACKYASTZ=RENE O B(F L+ F)|

Detector current at z = L + F proportional to power spectrum:
() — 1 T(t=BVF |12 _ _ a(1) 2
i(t) = 27 k()| F ‘A(zwﬁs@f?’[’)‘ — ‘A(t B(L + F)’0)|

True for Gaussian 2cr§, = kk(z) F zgxk(z)ﬁ — o = sign(k(?))
WG PM
21 *
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