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Correlation, Convolution and Inner Product
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Fourier Transform
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Fourier Transform and Uncertainty
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Fourier Transform, Uncertainty and Compact Support
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Short-Time Fourier Transform 
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Short-Time Fourier Trafo (STFT) — Contin. Wavelet Trafo (CWT)
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The Shape of Wavelets — Haar Wavelet and Scaling Function
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Continuous Wavelet Transform — “Mother” of Wavelets
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Continuous Wavelet Transform (CWT) for “Mother” Wavelet
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Inverse Continuous Wavelet Transform (ICWT) for Mother
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Scaling Function is Aggregation (“Father”) of Wavelets
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Meaning of Scaling Function
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Scaling Function as Low-Pass Impulse Response
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Wavelet and Scaling Function Transform
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Moments of a Wavelet
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CWT Example
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Discrete Wavelet Transform (DWT)
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Discrete Wavelet Transform (DWT) Removes Redundancy
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Replacing an Infinite Set of Wavelets by one Scaling Function
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Bandlimited Signal
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Multiresolution Analysis (MRA)
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Multiresolution Analysis (MRA)
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FWT and Inverse FWT (IFWT, Reconstruction)
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MRA with Daubechies Wavelet D3 (Dp or dbp, p moments vanish)
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Daubechies Wavelets Dp — Cascade Algorithm
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Deslauriers-Dubuc Interpolating Wavelets
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Deslauriers-Dubuc Wavelets and Duals
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Deslauriers-Dubuc Wavelets — Biorthogonality
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Maxwell´s Fundamental Equations
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Sampling, Nyquist Frequency and Interpolation
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Yee´s Lattice with Cubic Unit Cells of Size Δ x × Δ y × Δ z
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Yee, K. S.: Numerical solution of initial boundary value problems involving Maxwell’s equations in isotropic media. IEEE Trans. Antennas Propag. AP-14 (1966) 302–307
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Finite Differences in Cartesian Coordinates
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Central Differences and Discretization
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Six Update Equations for Ampere´s and Faraday´s Laws
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Why Leapfrog?

www.stratagene.com

Support at time n + ½

Arrive at
time n + 1

Start at
time n
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Numerical Dispersion
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Numerical Dispersion
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1D Numerical Dispersion Artefact
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1D Stability and Numerical Dispersion Artefact (refract. index n)
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3D Stability and Numerical Dispersion
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3D Plane Wave Dispersion and Accuracy — Choice of Step Sizes
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3D Stability — Intuitive Explanation for
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Second-Order Accurate Central Difference
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Fourth-Order Accurate Central Difference
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High-Order Accurate Central Difference
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Method of Weighted Residuals
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Advantages FDTD:
Time domain solution available 

(i.e. pulses / transients can be studied)
Readily extended to include nonlinear materials

Disadvantages FDTD:
Much memory and time are needed for the computation

Promise of interpolating wavelet basis:
Numerical dispersion decreased dramatically
⇒ Coarser grid (less memory)

Modelling: Wavelet-based FDTD Method

Ex

1

i i+1 i+2i-1

)(xiφ
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Collocation Method
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Collocation Method
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Force Residual Error to Zero — LHS (Scale J )
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Force Residual Error to Zero — RHS (Scale J )
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Comparison of Wavelet DDp FDTD and Standard FDTD
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2D Stability and Numerical Dispersion for Higher-Order FDTD
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2D Numerical Dispersion Error. Stability:



Heraeus, Feb 07 Institut für Hochfrequenztechnik und Quantenelektronik (IHQ), Universität Karlsruhe 73

• Wavelets
What are they good for?

• Finite-differences in time-domain
Yee’s leapfrog algorithm
Numerical dispersion, stability and accuracy
Higher-order finite-differences 
Method of weighted residuals: Collocation

• Wavelet FDTD
Numerical dispersion, stability and accuracy
Summary, and what should be done further
Dispersive and nonlinear media

• Application examples in nano-photonics
Waveguide roughness
Slow light in a photonic crystal with disorder
Four-wave mixing in a microring resonator
Switching of a Bragg grating

• Summary and further reading

Outline



Heraeus, Feb 07 Institut für Hochfrequenztechnik und Quantenelektronik (IHQ), Universität Karlsruhe 74

Summary of Wavelet FDTD
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Wavelet Families and their Properties

Misiti, M.; Misiti, Y.; Oppenheim, G.; Poggi, J.-M.: Wavelet toolbox user's guide, v. 3.1 (MATLAB release 2006b). Natick (MA): The Mathworks Inc. 2006. Page 6-90 ff. 
http://www.mathworks.com/access/helpdesk/help/pdf_doc/wavelet/wavelet_ug.pdf
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Summary of Wavelet Methods
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Summary of Results, And What Should Be Done Further
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Dispersive and Nonlinear Media

Fujii, M.; Tahara, M; Sakagami, I; Freude, W.; Russer, P.: High-order FDTD and auxiliary differential equation formulation of optical pulse propagation in 2D Kerr and 
Raman nonlinear dispersive media. IEEE J. Quantum Electron. 40 (2004) 175–182 
Fujii, M.; Omaki, N.; Tahara, M.; Sakagami, I.; Poulton, C.; Freude, W.; Russer, P.: Optimization of nonlinear dispersive APML ABC for the FDTD analysis of optical 
solitons. IEEE J. Quantum Electron. 41 (2005) 448–454 
Fujii, M,; Koos, C.; Poulton, C.; Sakagami, I.; Leuthold, J.; Freude, W.: A simple and rigorous verification technique for nonlinear FDTD algorithm by optical parametric 
four-wave mixing. Microwave and Optical Technol. Lett. 48 (2006) 88–91 
Fujii, M; Koos, C.; Poulton, C.; Leuthold, J.; Freude, W.: Nonlinear FDTD analysis and experimental validation of four-wave mixing in InGaAsP/InP racetrack micro-
resonators. IEEE Photon. Technol. Lett. 18 (2006) 361–363
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FDTD Analysis of Nonlinear and Dispersive Media

Optical Kerr effect
polarization:

Lorentz dispersion
polarization: )(~

2
)(~)(~)(~
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const. nonlinear susceptibility

finite difference eq.

solved with Yee's leapfrog algorithm
finite difference eq.
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Nonlinear 2D Wavelet FDTD Method for Kerr / Raman Medium

Fujii, M.; Tahara, M.; Sakagami, I.; Freude, W.; Russer, P.: High-order FDTD and auxiliary differential equation formulation of optical pulse propagation in 2D Kerr and 
Raman nonlinear dispersive media. IEEE J. Quantum Electron. 40 (2004) 175–182

Dual processor version:

Electric field of the 2D pulse in 
the Kerr and the Raman medium
taken at times
t = 270, 360 and 450 fs, from top. 

High-order DD4 φ-scheme with 
resolution Δ x = Δ z = 0.04 µm.

precursor

precursor

“daughter”
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Example for Silicon On Insulator (SOI) Nanophotonic Device

• Numerically “large”
2. Typical problem size

8 μm × 8 μm × 2 μm
(16 λ × 16 λ × 4 λ)

15 nm

SiO2 (n ≈ 1.4)
insulator

8 μm

2 μm

8 μm

Si (n ≈ 3.5)

Challenges for numerical modelling:

• High-contrast
1. Large changes in refractive index 

prevent approximations
⇒ vectorial optics needed

3. Grid size in 15 nm (~λ / 30) range,
essential for reliable results
⇒ Memory requirements for

standard FDTD > 2 GB. Instead:
Wavelet FDTD with memory savings
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Parallel Computing Efficiency with 3D DD4-Scaling FDTD Code

Computation region:
8.3 × 7.1 × 2.3 µm3,
various gridsizes

Timespan:
250 fs

Computation times:
1 PC CPU:    110 h
1  // CPU:    450 h (× 4)

100  // CPU:     5.5 h (÷20)
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IBM RS/6000 SP-SMP, distributed memory
256 CPU, 1 GB RAM each
375 MHz clock rate

Wang, J.: Efficient techniques for modeling devices in integrated optics. Diploma Thesis, University of Karlsruhe 2003
Glöckler, F.: Efficient techniques for modeling devices in integrated optics. Project Work, University of Karlsruhe 2004
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Silicon Nanostrip Waveguide with Sidewall Roughness
Straight 0.365 × 0.365 μm2 Si WG, side walls with RMS roughness σ = 10…50 nm

Ex-component (quasi-TE), strong confinement

Si substrate

thick glass layer

w = 365 nm

roughness
chiselled

TE
TM

5 10 15 200

0.5

1 10nm 

20nm 

30nm 

40nm 

50nm 
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λ = 1.55 μm :         propagation distance (μm)
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w waveguide width

Poulton, C. G.; Koos, C.; Fujii, M.; Pfrang, A.; Schimmel, Th.; Leuthold, J.; Freude, W.: 
Radiation modes and roughness loss in high index-contrast waveguides. IEEE J. Sel. Topics 
Quantum Electron. 12 (2006) 1306–1321 
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PC W1-WG with Radius Disorder

10% radius disorder   

Model for Silicon PC with substrate

a = 0.52 µm, r / a = 0.35, h / a = 0.52
n = 3.16 , nSub = 1.53

TE bandgap

Band diagram for PC 
without waveguide

Plane wave method,    
RSoft Bandsolve
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PC W1-WG With Radius and Position Disorder
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Frequency (GHz)

Ideal crystal

Radius disorder

Position disorder

R
ef

le
ct

io
n

(d
B)

Frequency (GHz)

Fr
eq

ue
nc

y 
f·a

/c

Propagation constant k·a/π

Dots:FDTD
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8.5
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Measurements in upscaled
microwave model
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9.05 GHz 9.55 GHz 10.05 GHz 10.55 GHz 11.05 GHz 11.55 GHz

TE (Ex) Field of W1 Defect Waveguide with 10 % Radius Disorder
m
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d

tra
ns

m
is

si
on

/ d
B

f / GHz

Parallel DD4 FDTD:

48 CPU, 3 000 min
Δx,y,z = 2 nm (uniform)
→ 23.7 Mio mesh cells!

Duration: 92 pulse widths10% radius disorder
Brosi, J.-M.; Leuthold, J.; Freude, W.: Microwave-frequency experiments validate optical simulation tools and demonstrate novel dispersion-tailored photonic crystal 
waveguides. IEEE J. Lightw. Technol. (2007) (submitted)
Brosi, J.-M.; Freude, W.; Leuthold, J.; Petrov, A. Yu.; Eich, M.: 'Broadband slow light in a photonic crystal line defect waveguide', Technical Digest OSA Topical 
Meeting on Slow and Fast Light (SL'06), Washington (DC), USA, 23–26 July 2006, Paper MD6
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Slow-Light PC Waveguide: Band diagram

Model for Silicon membrane

a = 0.45 µm, n = 3.16
r / a = 0.25, h / a = 0.6
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Propagation constant k a / (2π)

Air light line
Microwave
measurement

FDTD

FIM 
eigenmode Plane wave

FIM transient

FDTD: RSoft Fullwave, unit cell with phase cond., ~90 min/point 
FIM Eigenmode: CST Microwave Studio, unit cell with phase cond., ~1,5 min/point
FIM Transient: CST Microwave Studio, full structure with pulse exc., ~5 hrs
Plane Wave: MIT MPB, periodically repeated in all directions, ~18 min/point
Microwave Measurement: Upscaled microwave model
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Slow-Light PC Waveguide: Group Velocity

203 204 205 206 207 208 209
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Microwave
measurement

FDTD

FIM 
eigenmode

Plane wave

FIM transient

Curves derived from band 
diagram data

FIM eigenmode, FIM transient and plane wave method agree
very well

Results verified with microwave experiments
(Frequency offset because of material tolerances)
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Linear and Nonlinear InP/InGaAsP Micro-Resonator

Resonator structure (2D and 3D)

w=0.4

r=5

(all units: μm)

g1=0.15

g2=0.2

0.3
0.7
1.0

l=3
• substrate: InP
• InGaAsP:  n = 3.42 
χ(3) = 3.8×1018 m2/V2

• InP: n = 3.17
at 1.55 μm

• for 2D analysis:
n = 3.34 (slab WG)

10 µm

Koos, C.; Fujii, M.; Poulton, C. G.; Steingrueber, R.; Leuthold, J.; Freude, W.: FDTD-modelling of dispersive nonlinear ring resonators: Accuracy studies and 
experiments. IEEE J. Quantum Electron. 42 (2006) 1215–1223
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InP/InGaAsP Micro-Resonator and FWM

Evaluation of the coupling 
parameters from transmission fit:

|b2|2
fitted

measured

|b3|2
fitted

measured

10 µm

a1

b2

b3

μ1

−jκ1
μ2

−jκ2
b2i

2 1

1 1 21
ibFE

a
κ
ρμ μ

= =
−

24 2 2 2 2
FWM re rt, effp s c pFE FE FE L Pη γ=

Conversion efficiency improved by
resonant field enhancement:

p sc
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FWM in Ring Resonators

( ){ }(3) *~ Re d dre EEE E x yγ χ ⋅∫∫

2 1

1 1 21
ibFE

a
κ
ρμ μ

= =
−

24 2 2 2 2
FWM re rt, effp s c pFE FE FE L Pη γ=

FWM conversion efficiency is strongly improved by resonant field
enhancement:

Field enhancement factor

Nonlinear Parameter of the ring 
waveguide

2
rt, eff rt,geomL L ρ≈ × Effective round-trip length for 

nonlinear interaction 

rt,geomL Geometrical round-trip length of 
the ring resonator
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FWM Experiment

To our knowledge the highest FWM-
conversion efficiency measured in 
passive microrings
Absil et. al., Optics Letters 25, No. 8, April 2000: 
“Wavelength conversion in GaAs microring resonators“
measured efficiency: –44.6 dB
predicted efficieny:      –8.5 dB

FWM conversion efficiency:
η = –32.5 dB for PP= 13.6 dBm
(measured, pump power on chip)

Shift of resonance comb due to heating by
pump power

upper part: Linear transmission
characteristics

lower part: Output spectrum for
nonlinear experiment
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Effective Dielectric Constant Technique Reduces Staircasing

N.Kaneda, et.al, IEEE MTT, vol.45, No.9, Sep. 1997 
S.Yu, R.Mittra, IEEE MWCL, vol.11, No.1, Jan. 2001

For E fields tangential
to the interface:
Tangential BC

(E is continuous)
εeff: geometric average

For E fields having
components normal to 
the interface: 
εeff: FD method of

Laplace equation



Heraeus, Feb 07 Institut für Hochfrequenztechnik und Quantenelektronik (IHQ), Universität Karlsruhe 98

Measured and Calculated Resonance Frequencies, Linear FDTD

Koos, C.; Fujii, M.; Poulton, C. G.; Steingrueber, R.; Leuthold, J.; Freude, W.: FDTD-modelling… JQE 42 (2006) 1215–1223
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Measured and Calculated FWM Efficiency, Nonlinear Std FDTD

Koos, C.; Fujii, M.; Poulton, C. G.; Steingrueber, R.; Leuthold, J.; Freude, W.: FDTD-modelling of dispersive 
nonlinear ring resonators: Accuracy studies and experiments. IEEE J. Quantum Electron. 42 (2006) 1215–1223

meas.

~7dB diff.
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Measured and Calculated FWM Efficiency, Nonlinear Std FDTD

2D&3D FDTD
+EDC

meas.

~7dB diff.

Koos, C.; Fujii, M.; Poulton, C. G.; Steingrueber, R.; Leuthold, J.; Freude, W.: FDTD-modelling of dispersive 
nonlinear ring resonators: Accuracy studies and experiments. IEEE J. Quantum Electron. 42 (2006) 1215–1223
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3 2

0 0.4856 0.0009 1 sin(2 / )z zw w z
L L

π
⎛ ⎞⎛ ⎞ ⎛ ⎞= − + − + Λ⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠⎝ ⎠

The sidewall modulation amplitude w is varied from 50 nm to 25 nm for the 
total grating with length L = 48 µm and period Λ = 0.24 µm (200 periods). 

Λ = 240 nm

L = 48 µm

w0 = 50 nm
w = 25 nm

Simulation of Stopband-Tapered WBG Using NL 2D Std FDTD

Fujii, M.; Maitra, A.; Poulton, C.; Leuthold, J.; Freude, W.: Non-reciprocal transmission and Schmitt trigger operation in strongly modulated asymmetric WBGs. Opt. 
Expr. 14 (2006) 12782–12793
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Bistability of Stopband-Tapered WBG Using NL 2D Std FDTD

Bistable behaviour in tapered
sidewall corrugated structure

0 0.01 0.02 0.03 0.040
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Input Power
Fujii, M.; Maitra, A.; Poulton, C.; Leuthold, J.; Freude, W.: Non-reciprocal transmission and Schmitt trigger operation in strongly modulated asymmetric WBGs. Opt. 
Expr. 14 (2006) 12782–12793
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Directionality of Stopband-Tapered WBG Using NL 2D Std FDTD

Different  up-switching thresholds
for LTR & RTL case

Isolator behaviour in tapered
sidewall-corrugated structure

8 ps 8 ps

Fujii, M.; Maitra, A.; Poulton, C.; Leuthold, J.; Freude, W.: Non-reciprocal transmission and Schmitt trigger operation in strongly modulated asymmetric WBGs. Opt. 
Expr. 14 (2006) 12782–12793
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Summary

10 µm

8 ps

w = 365 nm

roughness
chiselled





Heraeus, Feb 07 Institut für Hochfrequenztechnik und Quantenelektronik (IHQ), Universität Karlsruhe 107

• Wavelets
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• Summary and further reading (57 citations)
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Further Reading (1/10)
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Further Reading (2/10)
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Further Reading (3/10)
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Further Reading (4/10)
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Further Reading (5/10)
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Further Reading (6/10)
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Further Reading (7/10)
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Further Reading (8/10)
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Further Reading (9/10)
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Further Reading (10/10)
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End of Heraeus Presentation

Additional material: Periodic boundary conditions
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Periodic Boundary Conditions (PBC)

Kittel, C.: Introduction to solid state physics, 3rd ed. New York: John Wiley & Sons 1966 (Bloch’s theorem: Chapter 9 p. 259 ff.)
Myers, H. P.: Introductory solid state physics. New Delhi: Viva Books Private Ltd. 1998 (Bloch’s theorem: Sect. 7.6 p. 190 ff.)
Morse, P. M.; Feshbach, H.: Methods of theoretical physics, Band 1 und 2. New York: McGraw-Hill 1953 (Floquet theorem: Vol. 1 Sect. 5.2 p. 557)
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Periodic Boundary Conditions — Analytic Signal
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Periodic Boundary Conditions — Formulation

Ko, W. L.; Mittra, R.: Implementation of Floquet boundary condition in FDTD for FSS analysis. IEEE APS Int. Symp. Dig., June 28-July 2 (1993), vol. 1, pp. 14−17.
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Periodic Boundary Conditions — Procedure

Ko, W. L.; Mittra, R.: Implementation of Floquet boundary condition in FDTD for FSS analysis. IEEE APS Int. Symp. Dig., June 28−July 2 (1993), vol. 1, pp. 14−17
Harms, P.; Mittra, R.; Ko, W.: Implementation of the periodic boundary condition in the finite-difference time-domain algorithm for FSS structures. IEEE Trans. 
Antennas Prop. 42 (1994) 1317−1324
Turner, G.; Christodoulou, C.: Broadband periodic boundary condition for FDTD analysis of phased array antennas. IEEE APS Int. Symp. Dig., June 21−26 (1998), 
vol. 2, pp. 1020−1023
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